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The equations describing the variation of the radius of a water droplet 
with t ime are investigated for quasi-stationary and nonstationary evap- 

oration processes. Solutions of these equations are found in the form of 
asymptotic series in powers of a small dimensionless parameter. Some 
properties of the solutions are determined. 

This  pape r  is a cont inuat ion of [1], where  the non- 
s t a t i ona ry  evapora t ion  of a s p h e r i c a l  d rop le t  f ixed r e l -  
a t ive to a homogeneous  med ium of inf ini te  extent  was 
s tudied.  

By means  of an in t eg ra l  t r a n s f o r m a t i o n  of the type 

V = j'.~ Y exp (-- a r) dr, 
R 

the p r o b l e m  of the va r i a t i on  of the d rop le t  r a d i u s  in 
t ime  ( cons ide r i ng  the effect  of the reduct ion  in d rop le t  
s i ze  on the r a t e  of the nons ta t iona ry  p roces s )  was r e -  
duced to the p rob lem at the moving l iqu id -gas  phase  
in t e r face .  Applying the Lap lace  t r a n s f o r m a t i o n  a non- 
l i nea r  i n t eg rod i f f e ren t i a l  equation was obtained for  the 
r ad iu s  of the evapora t ing  d rop le t  with solut ion in the 
fo rm of an a sympto t i c  s e r i e s  in powers  of the s m a l l  
d i m e n s i o n l e s s  p a r a m e t e r  Ko: 

R = Ro+ 

+ K o [  D ( s - - 1 ) 2 V D ( s - - 1 )  ] 
Ro t + V~ V ?  - 

{h ~(s"  1)st2 23  V D ( s - -  1) 2 
--  K~ 2Ro 3 + 3Ro 21/~ t i / t - - -  

[ 3 D ( s - - 1 )  ~ 2D(s--1) '  2D(s - - l ) ]  t - -  

- -  2Ro " Ro ~ + Ro 

I 4 V-D (s - - 1 ) '  4 V ' D ( s - - I ) ]  } 

V~ + / ~  / Y  + . . . .  

(1) 

If the effect  of the d e c r e a s e  in d rop l e t  s i z e  on the 
r a t e  of the p r o c e s s  is  neglec ted ,  it is  e a s y  to obtain 
the following re la t ion  for  the vapor  dens i ty  d i s t r i b u -  
tion in the space  sur rounding  the drople t :  

R erfc ' r - -  R 

where  

erfe (z) = 1 - -  erf (z), 

2 j exp ( - -  z ~) dz. err(z) -- ] / ~  

0 

Using (2), we can wr i t e  the equation of m a s s  t r a n s -  

(2) 

fe r  a c r o s s  the d rop le t  su r f ace  as  fol lows:  

_ (,o0_ (, + ) (3/ 

We find the solut ion of nonl inear  d i f f e ren t i a l  equa-  
t ion (3) in s e r i e s  form:  

R = I"o + Ko ,'1 + Ko2r2 + Ko s rs + ... (4)  

Subst i tu t ing expansion (4) into (3)  and equating the 
coef f ic ien ts  of l ike  powers  of Ko on the left  and r igh t  
s ides ,  we obtain the following equations for  the func-  
t ions r0, r l ,  rs, r~ . . . .  : 

ro=Ro, dr1 _ D(s--1)  + V D ( s - - 1 )  , 
dt Ro l f l ~  

dr--A-~ . = D2(s-- 1)~- t - -  2DVD(s - -  1) ~ VT, 
dt R~ RSo V-~ 

Id~ 3 = 3DS(s--1)~P+ 16DSVD(s--1)3 t l / [ +  
dt 2R~ 3R~ 1/--~ 

+ 4DS(s - 1) ~ t . . . . .  (5) 

Using the solu t ions  of Eqs.  (5), we wr i t e  expansion 
(4) as 

R = Ro+ 

I 2 V ' D ( s - - 1 )  1 + K o  D ( s - - 1 )  t +  V}- - -  
Ro d~d 

[ D2(_s - -  1) 2 4D i /D(s  - -  l) s ] 
-KO*L 2~o e+  aR~ ~v~ . iv7 + 

[ D 3 ( s - -  1)3 32DS I / D ( s - -  1)3 t ' ] / } - +  
+ Ko8 L 2R0 5 t 3  -~ 15R 4 1/~- 

2D ~ ( s -  l') 8 t~]  
+ Ro 3 n , . . . .  (6) 

The d i f fe ren t i a l  equation (3) can a lso  be so lved  by suc-  
c e s s i v e  approx ima t ions  using the r e c u r r e n c e  re la t ion  

de~ = D Ko (s-- 1) ~ + / ~  

( n -  l, 2, 3 . . . .  ). 

It is  easy  to show that by se lec t ing  the in i t ia l  r a -  
dius of the evapora t ing  d rop le t  as  the z e r o - o r d e r  ap-  
p rox imat ion ,  we obtain a f i r s t  approx imat ion  of the 
solut ion that co inc ides  with the f i r s t  two t e r m s  of se -  
r i e s  (6), etc.  

In the case  of s t e a d y - s t a t e  evapora t ion  the m a s s  
flux through any s p h e r i c a l  su r f a c e  concen t r i c  with 
the d rop le t  is  a constant  quanti ty given by 

I = - - 4 ~ P D  Opt (7) 
Or 

In this  c a s e  

Pc = po + ~ (p~_ 90). (8) 
y 
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Since the droplet  radius and hence the ra te  of evap- 
oration continuously decrease ,  the evaporation p rocess  
cannot be s tat ionary.  However,  if the saturated vapor 
density at the droplet  t empera ture  is much less  than 
the droplet density, evaporation may be assumed 
quas i - s ta t ionary  [2]. 

Since I = - d m / d t ,  where m = 4~R~y/3 is the mass  
of the droplet,  we can wri te  Eq. (7) with distr ibution 
(8) in the form 

dR 
R - -  = KoD(s- -  I). (9) 

dt 

We find the solution in the fo rm of se r i e s  (4), which, 
in this case ,  can be wri t ten as  follows: 

R = R o + K o  D ( s - - 1 ) . t _ _ K o ,  D2(s-- 1)2 t2+ 
Ro 2Ro s 

+ Ko 2 D2(s - 1)3 t3 . . .  " (10) 

After  multiplying the asymptot ic  se r ies  by itself, 
we have 

R 2 = Ro2q - 2KoD (s-- l)t, 

which is also easily obtained by direct  integration of 
Eq. (9). 

To simplify, we t r ans fo rm in (1), (6), and (10) to 
the dimensionless  var iables  

v = R/Ro, * = t/to. 

Selecting the charac te r i s t i c  t ime to = R~/D, we have 

v= I + K o ( s - - 1 ) * - -  

_Ko2 ( s - 1 )  3 ~2+ Ko 2 (s - -1)  3 ,3 . . . .  

2 2 

v * =  l + Ko[(s--  I ) ,  + 2 ( s -  l / ~ ]  - -  

I 4 (s - -  1) 3 --  ] _ K o  ~ ( s - - l )  2 x 2 +  ~ v / ~  -k 
2 3V~- 

+ 

+ Ko3 [.! .s2 1)2 , a +  

32(s-- I )  2 , 2  /-~-A- 2(S-- 1) 2 1 ___ |, , _ _  % 2  ~ . .  

15V n a J " 

v * * = l + K ~  [ (s - 1 )  "v + 2 (s - 1 )  ] l : : ~ -  i,:~ -- 

F r o m  the f i r s t  two relat ions in (11) it is easy to 
obtain 

2 ( l - - s )  ]f~- { 1 + 2 
~, - ~ *  = K o  ~ ~ I<o(1 --s)-~ + 

+K~ 16(I--s)2 "2+ (l-s)' ] } 

dv dr* Ko 1 - - s  { 
dx d r  ~ 1 + 2Ko (1--  s) ~ -b 

+ K o  2 4(1--s)2 x l /~-+ 16( i - - s ) '  ] } T 2 -~  . . . .  

(12) 

(13) 

Since when s < 1 (the droplet  evaporates)  the r ight  
sides of (12) and (13) a re  positive, v > v*, dv/dt  > 
> dv*/dT or  in dimensional  var iables  

R > R*, (14) 

dR dR* 
- -  > (15) 

dt dt 

Inequality (14) shows that at all values of ~" on the 
interval 0 < 1- < Tte (Tte is the dimensionless  total 
evaporation t ime in the quas i -s ta t ionary  process)  the 
H = R(t) curve  lies above the R* = R*(t) curve.  

Since when s < 1 dR/dt and dR*/dt a re  negative, we 
can wri te  (15) as 

dR* > d_~ t 
dt 

it follows that the absolute value of the ra te  of de-  
c r ea se  of the droplet  radius in the nonstat ionary evap- 
oration p rocess  is g r ea t e r  than the absolute value of 
the corresponding ra te  in the quas i - s ta t ionary  process .  

F r o m  the f i r s t  and third of Eqs.  (11) we der ive 

v _ v * * = K o 2 (  : s) V-~- I + K o  -~ c-t-  

1 " 

(16) 

dv  dr**. 1 - - s  { 
dx dx = K ~  ~ x  lq-Ko(1--s)a : -~  

-[- Ko [2(l--s)~ + 2 +  "3(s--2 I)] V~ -{- 

+ 2 K o  [ I  + s - - i ] + . . . } .  (17) 

--Ko2 [ ( s 2  1)2 x2 § 

+ 2(s--l) ~ ~ -  3(s--I) 3 ~+ 

3V-~ 2 

+ 2(s--I) 3 x--2(s--l)~-- 

4 ( s - - 1 )  3 1/-~_ - 4 ( s - -  1) :--]  
K~-  K~- v �9 j -~ . . . .  

Since when s < 1 the right sides of (16) and (17) a re  
posit ive,  

dv dr** v ]> ~r >" - -  
dx d'~ 

or in dimensional  var iables  

R > R**, (18) 

(11) _ _  d R * *  dR > - -  (19) 
dt dt 
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F r o m  (18) and (19) t h e r e  fo l low the s a m e  p h y s i c a l  
c o n c l u s i o n s  as  f r o m  i n e q u a l i t i e s  (14) and (15). 

An a n a l y s i s  of (12), (13), (16), and (17) y i e l d s  as  

t - -  0 the a s y m p t o t i c  f o r m u l a s  

_ _  dR ~/-D(s-- 1) dR* ~ _ _  + Ko 
dt dt ] /~ t  

R* ~ R + Ko 2 VU(s-.1) r 

d R * * _  dR + Ko V~U(s- -1)  x 
dt dt ]/~-i 

• { l + 2 K ~  + O ( B ) ' ~ r  

R** = R* + o ( F / ? ) .  

It should be kept in mind that B and F are of the or- 

der of Ko 2, while whens< 1, B > 0, F< 0. 
With (6) and (10), it can be shown that for the differ- 

ence R 2 - (R*) z there is an expansion of the form 

R2-- (R*)  2 =  Ko 4 / D  ( 1 - -  s) Ro V-~ -_ 

- - K ~  4D ~ /~ (1  - s ) 2 3 R 0  / ~ =  t l/ [-+ 4D (1-- t ] - -  

[ 2D2 (1 -s)~ P]/t+ 
- -  K ~  " 5R~V-E 

4D2(1--s)3 P ] - - ' " "  

+ 3R0~ 

A f t e r  m u l t i p l y i n g  the l e f t  and r i gh t  s i de s  of th is  
equa t ion  by 4~, we obta in  

a - - -o*  = 16Ko(1--S)RoV~-~ +O(t) (t-+O), 

d~ do ~ 

dt dt 

_ 81/ '~--DKo(1--s)  Ro+O(A) (t-,O). 
vq- 

F r o m  t h e s e  r e l a t i o n s  i t  fo l lows  that  as  t ~ 0 and 
s < 1 ( the  d r o p l e t  e v a p o r a t e s )  cr > o-*; the d i f f e r e n c e  
be tween  r and or* i n c r e a s e s  wi th  i n c r e a s e  in the i n i t i a l  
d r o p l e t  r a d i u s ;  when s > 1 ( c o n d e n s a t i o n  t akes  p l a c e  
at the d rop l e t  su r f ace )  or* > or; c o n s e q u e n t l y ,  at  the  
beg inn ing  of the  p r o c e s s  the  ~* = ~*(t) c u r v e  l i e s  above  

the cr = ~(t) c u r v e ;  the  a b s o l u t e  r a t e  of v a r i a t i o n  of the  
s u r f a c e  fo r  the e v a p o r a t i n g  d r o p l e t  is  l e s s  fo r  the  qua-  
s i - s t a t i o n a r y  than f o r  the n o n s t a t i o n a r y  p r o c e s s .  

T h e  p r o p e r t i e s  of  the c u r v e  r e p r e s e n t i n g  the  f u n c -  
t ion R = R(t) in both the q u a s i - s t a t i o n a r y  and n o n s t a -  
ttonary cases are of considerable interest, particu- 
larly from the theoretical standpoint. We will consider 
some of these properties. 

Since in the quasi-stationary process for any t 

d_~R = _  K o D ( 1 - - s ) .  < 0 ,  
dt R 

d=R = K~ < 0, 
dP R 3 

the g r a p h  of the  func t ion  R = R(t) i s  a convex  c u r v e  

with a g r a d i e n t  d e c r e a s i n g  f r o m  - K o D ( 1  - s ) / R  0 at t = 

= 0 t o - d o  a r t = t i e .  
When  s > 1 ( condensa t i on  t akes  p l a c e  at the d rop te t  

su r f ace )  R = R(t) is  an i n c r e a s i n g  funct ion .  I t s  g r aph  
is  a c o n v e x  c u r v e  with g r a d i e n t  equal  to D Ko(s - 1) /  
/ R  0 at  t = 0 and tending to z e r o  as  t ~ +0% 

A f t e r  d i f f e r e n t i a t i o n  with r e s p e c t  to t we w r i t e  r e -  

l a t ion  (3) as  

d2R * 
dt ~ 

[ 1 
x - (R,) 2 - -  

= K o D ( s - - 1 )  • 

dR* 1 ] 
dt 2t V ~ t  " 

(20) 

Since  when s < 1, d R * / d t  < 0, the s econd  d e r i v a -  
t i v e  of the func t ion  R* = R*(t)  m u s t  change  s ign  at  
s o m e  va lue  of h .  Consequen t l y ,  in the c a s e  of n o n s t a -  
t i o n a r y  e v a p o r a t i o n  the func t ion  R* = R*(t)  has  a point  
of in f l ec t ion ,  f o r  d e t e r m i n i n g  which  we obta in  the fo l -  
lowing  a p p r o x i m a t e  a l g e b r a i c  equa t ion  a f t e r  a n u m b e r  
of t r a n s f o r m a t i o n s .  

2D I(o(l - - s ) t ~ ( V ~ +  Ro) = Ro 3 �9 (21) 

From the physical standpoint only pairs of positive 

numbers tl and R 0 are of interest (meaningful). 

An analysis of Eq. (21) shows that as R 0 decreases 
the time corresponding to the point of inflection on 

R* = R*(t) also decreases, i.e., t I = ~0(R 0) obtained 

from (21) is an increasing function. 

Since  lira dR,* R* = R * ( t ) - - w h i c h  d e s c r i b e s  
t~+o dt 

the variation of the droplet radius in time in the non- 

stationary evaporation process without allowance for 

the effect of the reduction of droplet size on the rate 

of the process--is concave at 0 < t < tl and convex at 

t >  h .  
Equa t i on  (20) shows that  in the c a s e  of a n o n s t a t i o n -  

a r y  condensa t i on  p r o c e s s  d2R*/dt 2 < 0 at any t. C o n s e -  
quent ly ,  R* = R*(t) i s  an i n c r e a s i n g  funct ion ,  whose  
g r a p h  is  a c u r v e  c o n v e x  on the e n t i r e  t i m e  ax i s  wi th  a 
g r a d i e n t  equa l  to D K o ( s  - 1)/R0 at  t = 0 and t end ing  to 
z e r o  as t ~ +=o 

F o r  a n o n s t a t i o n a r y  e v a p o r a t i o n  p r o c e s s  wi th  a l l o w -  
a n c e  fo r  the  e f fec t  of the  r e d u c t i o n  in d r o p l e t  s i z e  on 
the  r a t e  of the  p r o c e s s  the R** = R**(t)  c u r v e  has  the 
s a m e  p r o p e r t i e s  as  the R*  = R*(t) c u r v e .  

NOTATION 

R is  the  d rop l e t  r a d i u s ;  t is  the t i m e ;  c~ is  a c o n -  
s tan t  s a t i s f y i n g  the condi t ion  Re  a > 0; Ko is  a d i m e n -  
s i o n l e s s  p a r a m e t e r  equal  to the r a t i o  of the s a t u r a t e d  
v a p o r  dens i t y  at the d r o p l e t  t e m p e r a t u r e  to the d r o p -  
l e t  dens i ty ;  D is  the  d i f fus ion  c o e f f i c i e n t  fo r  v a p o r  in. 
a i r ;  s i s  the s u p e r s a t u r a t i o n ;  R 0 is  the in i t i a l  d r o p l e t  
radius; Pc is the vapor density in air; p~ c is its initial 
value; Ps is the saturated vapor density at droplet 
temperature; r is a space coordinate; 3/is the density 

of water; I is the mass flux across a spherical sur- 
face of r a d i u s  r ;  v* and R* a r e  the  d i m e n s i o n l e s s  and 
d i m e n s i o n a l  d r o p l e t  r a d i u s  in the  n o n s t a t i o n a r y  p r o -  
c e s s  of e v a p o r a t i o n  wi thout  a l l o w a n c e  fo r  the  e f fec t  of 
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reduction in droplet size on the rate of the process, 

respectively; v** and R** are the same with allowance 

for the effect of droplet size on the rate of the process; 

(7 and (~* are the surfaces of droplets with radii R and 

R*, respectively; A is a constant equal to 16D Ko2(l - 

- s)2; tte is the total droplet evaporation time; t I is 

the time corresponding to the point of inflection on 

the R* = R*(t) curve. 

2. N. A.  Fuks ,  Evapora t ion  and Growth of D r o p -  
le ts  in a Gaseous  Medium [in Russian] ,  Izd. AN SSSR, 
1958. 
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